Abstract-Magnetization loss on a twisted superconducting (SC) tape in a ramped magnetic field is theoretically investigated through the use of a power law for the electric field-current density characteristics and a sheet current approximation. First, the Maxwell equation in a helicoidal coordinate system is derived to model a twisted SC tape, taking account of the response to the perpendicular field component in the steady state. We show that a loosely twisted tape can be viewed as the sum of a portion of tilted flat tapes of infinite length by examining the perpendicular field distribution on a twisted tape. The analytic formulae for both magnetization and loss power in the tilted flat tape approximation are verified based on the analytic solution of the reduced Maxwell equation in the loosely twisted tape limit of Lp → ∞ with the twist pitch length Lp. These analytic formulae show that both magnetization and loss power decrease by a factor of B(1 + 1/2n, 1/2)/π (where B is the beta function) for an arbitrary power of SC nonlinear resistivity n, compared with those in a flat tape of infinite length. Finally, the effect of the field-angle dependence of the critical current density Jc on the loss power is investigated, and we demonstrate that it is possible to obtain an approximate estimate of the loss power value via Jc in an applied magnetic field perpendicular to the tape surface (i.e., parallel to the c axis).
I. INTRODUCTION
S UPERCONDUCTING (SC) coils based on rare earthbarium-copper oxide superconductor tapes are being developed for use in magnetic resonance imaging (MRI) machines that operate at high magnetic fields of around 3 T [1] . In a tape, the screening current flows on a wide surface with a tape-shaped geometry owing to the perpendicular component of the external field induced by the transport current, resulting in a sizable irregular field and loss power in the case of excitation/demagnetization of an MRI magnet.
To reduce the thermal load of a refrigerator or remove the quench generation sources, practical structured tapes with low loss are desired. Cabling methods involving multifilamentarization [2] and/or twisting [3] are known to be effective for reducing the magnetization loss on the tape while maintaining a high critical current density J c in a high magnetic field. Detailed numerical analysis of electromagnetic fields has previously been carried out for twisted multifilamentary coated superconductors in an ac magnetic field [4] .
This study addresses the macroscopic electromagnetic response in ramping magnetic fields supposing excitation/demagnetization of an MRI magnet. In the case of multifilamentary tapes, each of the SC filaments is electromagnetically coupled through the normal conductor embedded between the SC filaments and/or the surrounding stabilizer if the frequency of the ac magnetic field exceeds a certain critical value [4] , giving rise to coupling loss. This coupling loss can be reduced by shortening the effective wire length by twisting and electrically decoupling the current loop. In an ac magnetic field, the time scale of the electromagnetic coupling of SC filaments is known to be proportional to L 2 p , where L p is the twist pitch length [5] , and hence a reduction in the loss power on twisted multifilamentary tapes upon decreasing L p can also be expected in ramping fields. Here, we disregard the effect of the multifilamentarization and focus on only the effect of twisting on the macroscopic electromagnetic responses such as magnetization and loss power on a single SC strip. Twisting a flat tape is beneficial to reduce magnetization loss just because it reduces the average perpendicular component of the magnetic field penetrating the tape. The theoretical study of a twisted SC strip in a ramping field is expected to be valuable for the development of high-field SC coil systems for MRI.
We obtain the same analytic formulae for both magnetization and loss power in two different ways; one is the tilted flat tape approximation in which a twisted strip is regarded as the sum of a portion of tilted flat tapes of infinite length and the other is based on the Maxwell equation in the loosely twisted tape limit of L p → ∞. In this limit, any small correction of the higher order of k = 2π/L p is negligible. Both magnetization and loss per unit length are analytically and numerically shown not to depend on L p . Furthermore, they become smaller than those for a flat tape by a geometric factor owing to twisting alone. A numerical analysis incorporating the field and fieldangle dependence of J c is also performed to demonstrate how to obtain an appoximate numerical estimate of the loss power value.
II. MODEL FOR TWISTED SUPERCONDUCTING TAPE
We consider a single twisted SC tape with the tape width w 0 and the tape thickness d 0 . We then approximately regard a twisted SC tape as the twisted tape surface of an infinitesimal thickness, as shown in figure 1 . The coordinates of a twisted SC tape can be expressed in terms of (u, η, v) as
where k = 2π/L p is the wavenumber of the helicoid and L p is the twist pitch length. The tape surface corresponds to −w 0 /2 < u < w 0 /2, η = 0, and −∞ < v < ∞. The current density vector is expressed as J = ∇ × T with the current vector potential T because of ∇ · J = 0. In the thin-film limit (i.e., a strip with an infinitesimal thickness), the electric current is restricted within the tape surface, η = 0, and thus one may use T = Tn [6] , wheren is the local unit vector normal to the tape surface and given on a twisted tape surface byn
whereû andv are the unit vectors along the u and v axes, respectively (see figure 1 ). The use of T = g(u, v)∇η with g(u, v) ≡ T (u, v)/ √ 1 + k 2 u 2 simplifies the analytic calculation of the current density on a twisted strip because of ∇ × ∇η = 0. The current density at the tape surface, η = 0, is thus obtained as
with
Note that equation (3) satisfies both constraint conditions for the current density, J · ∇η = 0 and ∇ · J = 0.
III. ELECTROMAGNETIC RESPONSE ON A TWISTED SUPERCONDUCTING TAPE WITH CONSTANTLY RAMPING

FIELDS
In a practical MRI magnet, a transport current flows along SC wires, thereby generating a high external magnetic field. Because the MRI magnet operates at high magnetic fields, we consider the effect of the external field on the SC tape to be much more crucial than that of the transport current. We then start with Faraday's law in steadily ramped magnetic fields as in figure 3 ,
where β denotes the sweep rate of the magnetic field.ŷ is the unit vector in the y direction. Throughout this paper, the sweep rate is fixed at β = 4.69 mT/s unless otherwise specified. The magnetic field due to the screening current in the right-hand side of equation (5) is neglected. We consider the response to the magnetic field component perpendicular to the tape surface because the response to the parallel field component can be neglected in the thin-film limit. Thus, taking the projection of equation (5) onto ∇η affords
Using the electric field in the coordinate system of an SC helicoid as described in equation (1), equation (6) on the tape surface, η = 0, reduces to
Identifying the scalar function g(u, v), which determines the current flow lines, is necessary for performing the analytic calculation of magnetization and loss power. The electric field E-current density J characteristics of the rare earth-bariumcopper oxide SC tape are assumed to be described by the power law,
where isotropic SC nonlinear resistivity is assumed. E c is the electric field criterion. From equations (4) and (8), we obtain the electric field on the tape surface,
By substituting equation (10) into equation (7), the equation for g(u, v) on the tape surface is obtained as
IV. ANALYSIS IN THE LOOSELY TWISTED TAPE LIMIT Here, we analytically derive the formulae for both magnetization and loss power on the basis of equation (11) in the loosely twisted tape limit of kw 0 → 0 (i.e., L p → ∞). A loosely twisted stacked-tape cable conductor with w 0 /L p ∼ 0.01 has indeed been fabricated using the currently available technology [7] .
By taking the limit of k → 0 and v → ∞ and keeping φ = kv over a twist pitch on a tape, equation (11) reduces to
As for the SC nonlinear resistivity ρ sc , by carrying out the perturbation expansion with respect to kw 0 and taking the limit of k → 0, we obtain |J| n−1 = |∂g/∂u| n−1 . Consequently, the SC nonlinear resistivity becomes
By substituting equation (13) into equation (12), the solution of the Maxwell equation in the loosely twisted tape limit is obtained as
where the integral function, C(φ), is determined to satisfy the Dirichlet boundary condition at the edges of the long dimension, g(u = ±w 0 /2, φ) = 0, as follows:
Next, in the coordinate system of the SC helicoid [equa-
Hence, the component of magnetization parallel to B a (||ŷ) in the loosely twisted tape limit can be evaluated as
with J u = −∂g/∂v and J v = ∂g/∂u [equation (4) with k → 0]. The J η term disappears because the current density component perpendicular to the tape surface (η = 0) vanishes in the sheet current approximation. We further neglect J u because J u = −k(∂g/∂φ) vanishes in the loosely twisted tape limit (kw 0 → 0). Hence,
where B(p, q) = 2 π/2 0 dθ cos 2p−1 θ sin 2q−1 θ is the beta function with the positive real numbers p and q. The loss per unit length can be similarly evaluated from J v and
It should be noted that in the loosely twisted tape limit of L p → ∞, both magnetization and loss per unit length are independent of L p and become smaller than those for a flat tape by a factor of B(1 + 1/2n, 1/2)/π owing to twisting alone. Because this factor reduces to the geometric factor 2/π, which is the area of an SC helicoid projected onto the x-z plane in figure 1, in the Bean limit of n → ∞ [3] , [8] , it can be understood that the area of the tape interlinking across the magnetic fluxes decreases upon twisting.
V. TILTED FLAT TAPE APPROXIMATION
In this section, we intuitively explain how the formula of magnetization obtained from the tilted flat tape approximation, which is originally mentioned for the SC tapes helically wound on a former in Ref. [9] , coincides with that obtained from the solution of equation (11) in the loosely twisted tape limit. The precedent studies on twisted stacked tape cables in the presence of a transport current have numerically demonstrated the validity of the tilted flat tape view of a twisted tape by looking into loss power density of the twisted tape [8] , [10] . We also show that the sum of a portion of tilted flat tapes of infinite length can serve as a good approximation for a twisted SC tape when the twist pitch length is sufficiently high relative to the tape width (w 0 ≪ L p ).
A. Perpendicular field distribution
In figure 2 , the symbols represent the numerical results for the perpendicular magnetic field distribution B perp (u) on a twisted SC tape upon changing the surface parameter v. The detailed numerical results are described in section VI. The solid lines represent the analytic solutions obtained by Brandt and Indenbom [11] figure 2 , the tilted flat tape approximation can be considered a good approximation for analyzing a twisted tape
B. Tilted flat tape approximation for magnetization
We next consider an external magnetic field swept at a constant rate β and neglect the magnetic field due to the screening current. The magnetization component parallel to the external magnetic field, dB a /dt = βŷ, in the constantly swept time domain contributes to the loss power. First, let M η (B a cos kv) be the magnetization component normal to the tape surface in response to the field component perpendicular to the tape surface, B aη (v) = B a cos kv. Taking the projection of M η onto the applied field direction (||ŷ), M η (B a cos kv) cos kv, and integrating it over a twist pitch, the magnetization component parallel to B a is evaluated from
where J u is assumed to be vanishingly small in the tilted flat tape approximation and is neglected here. In the case of a tilted flat tape of infinite length, because there is no current winding, that is, the current component in the width direction is absent (J u = 0), E u = 0 can be deduced and ∂E u /∂v can be dropped from equation (7). Thus, for a tilted flat tape of infinite length in a steady state, we obtain E v ≈ uβ cos kv [12] by taking the limit of k → 0 and v → ∞ and keeping φ = kv at the right-hand side of equation (7). With an electric field of E v , the current density in the direction of the long dimension can be calculated as (8) and (9) . Hence, the magnetization component parallel to B a exactly coincides with equation (18) . This is plausible because the correction terms due to the twisting, which is dependent on k, vanish in the tilted infinite-length flat tape approximation, in which L p → ∞.
VI. NUMERICAL RESULTS
A. Temporal loss power and twist-pitch dependence
In the numerical calculations, the following equation, which is equivalent to equation (6) owing to the identity ∇×∇η = 0, was solved utilizing the commercial software COMSOL [13] :
The periodic boundary condition was imposed in the z direction. The parameters of the SC tape were set to w 0 = 4 mm, d 0 = 2 µm, J c = 5 × 10 10 A/m 2 , E c = 1 µV/cm, and n = 21. Figure 3 presents the numerical results for the temporal loss power per unit length for both flat and twisted tapes. For a twisted tape, the value of loss power per unit length (filled squares and circles) becomes saturated toward Q twist ≈ 1.0 mW/m even after changing the twist pitch length L p , showing that it is not dependent on L p when the condition w 0 ≪ L p is satisfied. Owing to the twisting alone, the loss power value is reduced from that in the flat tape (open squares and circles), Q flat ≈ 1.636 mW/m. For L p = 400 mm, Q twist /Q flat ≈ 0.623, which shows good agreement with the theoretically evaluated value from equation (19) , B(1 + 1/2n, 1/2)/π ≈ 0.628 for n = 21.
In figure 4 , we show the dependence of the loss power per unit length on L p . We define the value of loss power in the constantly ramping field as that at t = 170 s in figure 3 . The dotted line indicates the theoretically evaluated value based on equation (19) . The numerical values of Q tot (symbols) agree well with the theoretical value, with a deviation of less than 2% for L p > 2w 0 , and Q tot is independent of L p . Here, Q tot is defined by
shows the contributions from J z and E z to the loss power, although these are not observable, and it dominates the loss power for L p ≫ w 0 , saturating toward the theoretical value. The noticeably different behavior between Q tot and Q z with decreasing L p stems from the winding of the current flow on a strip.
B. Effect of field and its angle-dependent critical current density
Next, the effect of the field and its angle-dependent critical current density on the temporal loss power is discussed. Regarding the angular dependence, we show that the loss power evaluated with J c in an applied magnetic field perpendicular to the tape surface (i.e., parallel to the c axis) can serve as an approximate estimate of the loss power value. We adopt the generalized Kim model as a simple model for the field and its angle dependences of J c [14] , [15] :
where J c0 is the critical current density in the absence of the magnetic field and B 0 and α are constants. The uniaxial anisotropy of SC materials with isotropic (randomly distributed) disorders can be incorporated into this theory through the temporal effective local magnetic fieldB = ε(φ)B, where B is the temporal local field, ε(φ) = cos 2 φ + γ −2 sin 2 φ is the scaling factor, and the angle φ = kv is measured from the c axis [16] - [18] . γ = m c /m ab is the mass anisotropy ratio. The masses m ab and m c characterize the transport in the SC state within the a-b plane and in the direction of the c axis, respectively. The mass anisotropy ratio is set to γ = 5 assuming a SC YBa 2 Cu 3 O 7 thin film [17] . The constants B 0 = 0.75 T and α = 2 are fixed throughout the paper, and the other parameters are the same as those used in subsection VI-A.
In figure 5 , the symbols represent the numerical results of the temporal loss power for L p = 50w 0 . The square and plus symbols indicate the numerical results forB = ε(φ)B perp andB = ε(φ)B a , respectively. Here, B perp denotes the temporal local perpendicular magnetic field, through which the contribution to the loss power from the magnetic field due to the screening current is incorporated in the numerical simulation. The choice ofB = ε(φ)B perp affords the most accurate numerical results in the present study. In contrast, the contribution from the magnetic field due to the screening current partially lacks whenB = ε(φ)B a is adopted, although this approximation is plausible because the magnetic field due to the screening current on a strip is small.
The loss power decreases due to the degradation of J c with constant ramping of B a . The slight increase in the loss power upon adoptingB = ε(φ)B perp reflects the contribution from the magnetic field due to the screening current. The analytic evaluation of the temporal loss power (dashed line in figure 5 ),
agrees with the numerical results (plus symbols in figure 5 ). The first line in equation (24) corresponds to the loss power in a flat tape of infinite length. The factor 2/π is due to twisting, and the φ integral arises from both the field-angle dependence of J c and twisting. Note that the theoretical curves in figure 5 are valid only while the magnetic field is constantly ramped (solid line in figure 5 for 20 ≤ t ≤ 180), because we assume the constant sweep rate β. Intuitively, it is expected that the loss power is not generated so much from the portion of the tape surface parallel to B a (t) = B a (t)ŷ, because the tape surface does not magnetize in the field direction (||ŷ). Thus, it might serve as a good approximation to neglect the field-angle dependence of J c and let J c (B, φ) be the field-angle-independent value J c (B a , φ = 0) in the applied field perpendicular to the tape surface. In this case, ε(φ = 0) = 1, and the temporal loss power can therefore be recast as
Because the field-angle dependence of J c is dropped, equation (25) (dash-dot line in figure 5 ) slightly underestimates the numerically evaluated temporal loss power including the contribution from the magnetic field due to the screening current (squares in figure 5 ), although it works sufficiently well to provide a rough numerical estimate of the loss power value.
C. Sweep-rate dependence
The steady-state assumption, ∂B/∂t = β, might fail as a result of the dependence of J c on the field and its angle. Also, for large field sweep rates β, the situation might deviate from the assumptions used to derive the analytic formula for the loss power [equation (24)], that is, the steady state of the constantly ramped magnetic field and absence of a magnetic field due to the screening current. Therefore, the β dependence of the loss power is discussed to explore the behavior of the loss power at large values of β. Figure 6 shows the β dependence of the total loss power relative to β in the steady state at B a = 0.6 T, which is sufficiently higher than the field needed for full flux penetration B p . We consider that B p for a twisted tape can be approximately evaluated via the formula for a flat tape of infinite length as [19] , where µ 0 is the magnetic permeability of a vacuum. The solid line in figure 6 represents the theoretical curve [equation (24)] for the β dependence of Q/β. The vertical axis is rescaled for the theoretical curve so as to fit the numerical results (squares in figure 6 ) by the power-law behavior β 1/n expected from equation (24), where β min = 0.156 mT/s is the minimum sweep rate. With increasing β, the numerical results for Q tot /β gradually deviate from the β 1/n behavior. The deviation at large values of β can be ascribed to the magnetic field due to the screening current originated from the field and its angle-dependent J c , which is neglected in the analytic formula [equation (24)].
VII. SUMMARY AND DISCUSSION
The magnetization loss on a twisted SC strip in a constantly ramped magnetic field has been theoretically and numerically studied. In the loosely twisted tape limit of kw 0 → 0 (i.e., L p → ∞), analytic formulae for both magnetization and loss power were derived on the basis of the equation for the scalar function g in a helicoidal coordinate system. The formula for the magnetization was rederived in an intuitive manner using the tilted flat tape approximation, which was found to be a good approximation as the numerical value of loss power showed good agreement with the theoretical value obtained using this approximation. Upon twisting an SC tape, both magnetization and loss power per unit length decreased by a factor of B(1 + 1/2n, 1/2)/π compared with those in a flat tape, but twisting alone had only a marginal effect on reducing these values. Twisting a SC tape plays a crucial role when a SC tape is striated and coated by the normal metal stabilizer such as copper. On the basis of the present approach, we will discuss the condition that electromagnetic coupling is suppressed in a twisted multifilamentary SC tape in a swept magnetic field elsewhere. The field-angle dependence of J c due to the twist of an SC tape was considered to evaluate the loss power numerically, and the results revealed that a rough estimate of the loss power is possible via J c in a perpendicular field.
In more practical situations such as stacking or coiling of the SC tapes, the effects of the self-field due to the transport current, the spatial inhomogeneity of J c , and the spatial inhomogeneity of the perpendicular component of the external magnetic field are crucial factors in the electromagnetic response. The successful consideration of these factors will require the application of numerical analysis beyond the simple analytic evaluation used in the present work. The present study simply addresses the magnetization loss on a single twisted tape, and it should be regarded as a first step toward the realistic numerical simulation for more complicated SC high field magnets.
At last, we again emphasize that our approach in the steady state on the basis of the thin-film approximation is capable of performing an efficient numerical evaluation of the current profile, electric field profile and magnetization loss on a SC tape surface. A quick numerical evaluation on a SC tape surface is possible if one numerically solves equation (11) because it is not necessary to solve the Ampére's law, ∇ × B/µ 0 = J. In a certain limiting case, that is, in the loosely twisted tape limit (L p → ∞), one can readily carry out an analytical evaluation of the magnetization loss of a single twisted SC tape without relying on a numerical approach such as finite element method. The analytically evaluated value of the magnetization loss quantitatively agrees with the numerical value.
